For a maximal subgroup M of a finite group G the normal index of M is the order of a chief factor H/K where H is minimal in the set of supplements of M in G. We obtain results about the normal index of M when M has composite index in G.
Introduction.
The relationships between the properties of maximal subgroups of a finite group G and the structure of G have been studied by many people. In [3] , [4] and [10] we investigated maximal subgroups of composite index, developing analogs of the Frattini subgroup and studying their role in the structure of groups. Here we obtain results which involve the normal index (introduced by Deskins in [5] ) of a maximal subgroup M of a group G. The normal index of M, η(G : M), is the order of a chief factor H/K of G when H is a minimal supplement of M in G. In § §2-4 we obtain extensions of results of Deskins [5] , Beidleman and Spencer [2] and Mukherjee [9] based on η(G : M) for the case when [G : M] is composite.
All groups treated are finite, notation is standard (from [6] and [8] ), and a maximal subgroup M of G is often denoted by M < G. If M '<• G and [G : M] is composite we call M c-maximal in G.
Normal index and solvability.
If M is a maximal subgroup of a group G and H is a minimal normal supplement to M in G then for any chief factor H/K of G it follows that K C M and G = MH.
Therefore we have that [G : M] divides o(H/K) = η(G : M).
For the sake of completeness we first describe some properties of the normal index which we shall use subsequently. [2, Lemma 2] ). If N is a normal subgroup of a group G and M is a maximal subgroup of G such that NCM then ?/(G/iV : M/N) = η(G : M).
(Beidleman and Spencer

N. P. MUKHERJEE AND PRABIR BHATTACHARYA
It was announced by Deskins in [5, 2.5] [2] Proof. Let / be the family of all c-maximal subgroups of G. If / is empty then every maximal subgroup of G has prime index and so G is supersolvable (using a well known result of Huppert [7] ) implying that G is solvable, proving the result. So we may assume that f is non-empty. We use induction on the order of G. If G is simple, then for any Me/we have that η(G : 
Since JV is the unique minimal normal subgroup of G and JV is not contained in L, it follows that the core of L is (1). Further, we have that
Then by considering the permutation representation of G on the r cosets of L and using the fact that the core of L is (1), we obtain that the order of G divides r! which is absurd since p divides the order of G and r < p.
is a prime t, say. Then clearly t < p. By representing G on the t cosets of M and using the fact that the core of M is (1), we obtain that the order of G divides t\, a contradiction as before. Therefore to o(N) . Thus G has a unique maximal normal subgroup and there is a common divisor of the indices of all the maximal subgroups with core (1). Therefore by using Baer [1, Lemma 3] , we get that G has a solvable, normal subgroup K, K Φ (1). Clearly N c K and so N is solvable. Since G/N is solvable, we now get that G is solvable.
The converse is a direct consequence of Deskins [5, 2.5].
3. Supersolvable groups. First we prove a lemma LEMMA Clearly r < q. Now consider the permutation representation of G on the r cosets of Afi. If the core of Afi is (1) then it follows that o(G) divides r!, which is absurd. Therefore the core of Afi is non-trivial and consequently N C Afi, a contradiction. Thus this possibility cannot arise. Hence in all cases G is supersolvable. [9, Theorem 7] for p-supersolvable groups are both extended in the following. 
If M is a maximal subgroup of a group G such that [G : M] is a square-free integer then η(G : M) = [G : M\
p-solvable and p-supersolvable groups. It is proved in Beidleman and Spencer [2, Theorem 1] that a group G is /7-solvable if and only
Thus Core(Λf) and TV centralize each other and so N P P is a /7-subgroup of G whose order is greater than o(P) which is absurd since P is a Sylow p-subgroup of G. Hence N P <G and so N p = N. By the Schur-Zassenhaus theorem G = NT where Γ is a /7-complement. Now G/N and TV are both /?-solvable and so G is p-solvable, proving the result.
So we now assume that TV is the unique minimal normal subgroup of G. IfiVCM for every M < G with [G : M] p = 1, then TV is contained in their intersection Φ P (G) so N is solvable and we then obtain easily that G is p-solvable, proving the result. The following result is a generalization of Mukherjee [9, Theorem 8] . We omit the proof which is quite similar to the proof of Theorem 4.1. (ii) If η{G : M) = p for some maximal subgroup M of G then M< G.
